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Abstract
Let A be a Dedekind domain and I be an ideal of A. We investigate the elasticity of integral
domains of the form R = A + XI [X ]. Namely, when the ideal class group of A is in8nite, we
show that the elasticity of R is in8nite, and when this group is 8nite, we bound from below and
above the elasticity of R using the number of prime ideals in the factorization of I and some
Davenport-type constants. We derive the exact value of the elasticity in some special cases.
c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 13A05; 13F05; 13F20
1. Introduction and notations
Factorization properties of integral domains and monoids have been a frequent topic
of the recent mathematical literature. One area of interest has been the factorization
properties of polynomial rings (see for instance [3,5,6,8,11]). The purpose of this paper
is to continue the investigations begun in [12] on factorization properties of domains
of the form R= A+ XI [X ].
We recall some basic de8nitions and results of factorization theory. We say that a
domain R is atomic if each nonzero non-unit of R is a 8nite product of irreducible
elements of R. In an atomic domain R, a nonzero non-unit may have several factor-
izations into irreducible elements, and two factorizations may have diDerent lengths.
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Thus, we de8ne the elasticity of R (see [14]) as
(R) = sup
{m
n
| x1 : : : xm = y1 : : : yn with each xi; yj ∈R irreducible
}
:
Clearly 16 (R)6∞ and all the intermediate values may occur [2] (also, (R) = 1
means that any two factorizations of a nonzero non-unit of R have the same length,
that is, R is a half-factorial domain or an HFD). An excellent source of information
on elasticity is the survey article [1] by Anderson.
We are interested in the elasticity of atomic integral domains of the form R = A +
XI [X ] where A is a domain and I is an ideal of A. In [12], Nathalie Gonzalez and the
two authors studied the case where A is a UFD (that is, a unique factorization domain).
In this paper, we consider the case where A is a Dedekind domain. Then, A satis8es
the ACCP condition (ascending condition on the principal ideals). Hence so does R
(see [13]), and thus, R is atomic. We obviously have the containments A ⊆ R ⊆ A[X ].
It is easy to note that the units of R are the same as the units of A[X ] and that the
irreducible elements of A remain irreducible in R, thus (A)6 (R). In particular, if
A has an in8nite elasticity, then so does R. Thus we may as well assume that the
elasticity of A is 8nite.
An easy case is when I =A, that is R=A[X ]. Then, it is well-known that R=A[X ]
is a Krull domain such that each nonzero divisor class contains an height-one prime
of A[X ] [9]. This case is already known (see [2,4]). Moreover, we had previously
considered the special case when A is a PID and completely determined the elasticity
of the domain R= A+ XI [X ] in that case [12, Theorem 3.6]. Namely, letting I = At,
the elasticity of R is 8nite if and only if t is square-free and then the elasticity of R
is the number of prime factors of t. The present paper oDers a generalization.
Throughout the remainder of our work, A is a Dedekind domain with quotient 8eld
K; I is a proper ideal of A and R = A + XI [X ]. We know that a necessary condition
for R to have a 8nite elasticity is that I be a radical ideal [12, Proposition 2.3]. Thus,
we assume that I factors into a product of k distinct prime ideals of A. In the next
section we introduce several tools: we recall the de8nition of the Davenport constant
of an Abelian group and introduce some closely related constants which will play a
central role in our study. We also investigate some irreducible and prime elements of
R. In Section 3 we give an upper bound: the elasticity (R) of R satis8es the inequality
(R)6 k + dX(G)=2 (where k is the number of primes in the prime decomposition of
I; G the class group of A and dX(G) one of the constants introduced below). In the
last section we give a lower bound: if the class group G of A is in8nite, the elasticity
of R is in8nite, and if G is 8nite then (R) satis8es the inequality (R)¿ k+X(G)=2
(where X(G) is another constant introduced below). This gives the exact value of the
elasticity in the cases when the constants are equal.
If J is an ideal of A, we denote by MJ its class in the ideal class group C(A) of
A. The prime ideals of A containing J are called the primes of J . We denote by vp
the valuation associated to a prime p, that is, vp(J ) is the exponent of p (a relative
integer) in the unique decomposition of J as a product of primes.
It is also given by the formula
vp(J ) = inf{vp(x); x∈ J}:
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If f is a polynomial, we denote by If its content ideal, that is, the fractional ideal
generated by its coeNcients, and by v(f) its valuation, that is v(f)=v(If) (notice that
v(f) is also the in8mum of the valuations of the coeNcients of f).
We shall often use the classical properties of Dedekind domains, especially the strong
two-generator property and the fact that for every nonzero elements f; g of K[X ], we
have Ifg = IfIg [10, Corollary 28.5].
If D is an integral domain, we denote by U(D) its group of units and D∗ its set
of nonzero elements. As usual, Z will denote the ring of integers and Z¿0 the set of
nonnegative integers. We use the symbol “⊂” to denote proper containment. For any
unde8ned terminology or notation, see [10].
2. Tools
Before investigating the elasticity of R, we need to introduce several useful tools.
2.1. Davenport constant
As always in the theory of elasticity, the Davenport constant of some divisibility
group (here the class group C(A) of A) plays an important role. Let us recall the basic
de8nitions.
Let G be an Abelian group that we shall denote additively. A sequence  of G is a
8nite sequence (g1; : : : ; gl) of not necessarily distinct elements of G, its length l() is
the number l of its terms, its sum s () is the element
s() = g1 + · · ·+ gl:
As G is Abelian, the order of the terms in the sequence is irrelevant, thus a subsequence
is simply de8ned by a nonempty subset of the set {1; : : : ; l} of indices (we always
assume a sequence to be nonempty). We say that  is a zero-sequence if its sum
is null, that is, g1 + · · · + gl = 0. We say it is a minimal zero-sequence if it is a
zero-sequence but every proper subsequence is not a zero-sequence. We say that  is a
zero-free sequence if every subsequence of  (including  itself) is not a zero-sequence.
Note that 0 clearly does not appear in a zero-free sequence.
The Davenport constant D(G) of G is classically de8ned as the smallest integer n (if
any) such that, from any sequence  of length n, one can extract a zero-subsequence.
It is immediately related to the largest length of zero-free sequences: denote by Z(G)
the set of zero-free sequences in G and set
d(G) = sup{l(); ∈Z(G)}:
Then d(G) is a non-negative integer or d(G) =+∞ and obviously D(G) = d(G) + 1.
We may as well work directly with d(G); we call it the small Davenport constant
of G.
Recall that the Davenport constant of an Abelian group G is 8nite (and hence the
small Davenport constant is 8nite) if and only G is a 8nite group.
We introduce here two other constants relative to a subset X of G to which we give
a weight (in the next section, G is the class group C(A) of A and X is formed by the
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classes of the primes occurring in the decomposition of I). We 8rst set the following
de8nition.
Denition 2.1. Let G be an additive Abelian group and X be a subset of G.
(1) Given a sequence  = (g1; : : : ; gr ; gr+1; : : : ; gr+s) with g1; : : : ; gr in X and gr+1; : : : ;
gr+s not in X; we de8ne the length of  with weight 2 in X to be the number
lX() = 2r + s:
(2) Denoting by Z(G) the set of zero-free sequences in G; we de8ne the small Dav-
enport constant of G with weight 2 in X to be the supremum
dX(G) = sup{lX(); ∈Z(G)}:
Clearly one has the inequalities
d(G)6dX(G)6 2d(G):
More particularly; if X is empty or contains only 0 then dX(G)=d(G) and; if X=G;
then dX(G) = 2d(G).
One could of course generalise to a collection of subsets with various weights and
easily obtain similar inequalities. For our need, we shall here content ourselves with a
single subset with weight 2. As the classical constant, our weighed Davenport constant
is clearly 8nite if and only if G is 8nite (the same being obviously true for several
subsets with diDerent weights).
Now, given again a subset X with weight 2, we introduce another weighted constant
as follows.
Denition 2.2. Let G be an additive Abelian group and X be a subset of G.
(1) Given a sequence  = (g1; : : : ; gr ; gr+1; : : : ; gr+s) with g1; : : : ; gr in X and gr+1; : : : ;
gr+s not in X; we set
ˆ = (g1; : : : ; gr ;−gr+1; : : : ;−gr+s):
(2) We de8ne the twisted Davenport constant of G with weight 2 in X to be the
supremum
X(G) = sup{lX(); ∈Z(G) and ˆ∈Z(G)}:
We easily note that X(G)6dX(G)6 2d(G). Moreover; as for the constant dX(G);
the constant X(G) is 8nite if and only if the group G is 8nite. Indeed; assume 8rst that
G is 8nitely generated; then either G is 8nite (and; in this case; the small Davenport
constant d(G) is 8nite; therefore so is X(G)); or there exists an element g in G with
in8nite order and if we set n = (g; g; : : : ; g) (with length n); then n and ̂n are both
zero-free; thus X(G) is in8nite. Now; assume that G is not 8nitely generated and
consider a single nonzero element g1 in G. Since G is not 8nitely generated; we can
pick g2 in G but not in the subgroup generated by g1. The sequences  = (g1; g2)
and ˆ are clearly zero-free. It follows that X(G)¿ 2. Picking g3 ∈G but not in the
subgroup generated by g1 and g2; it can be seen that X(G)¿ 3. By repeating the
same argument; we obtain that the constant X(G) is in8nite.
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2.2. System of irreducible elements
As K[X ] is a UFD (in fact, a principal ideal domain), every polynomial factors
as a product of irreducibles. Moreover this factorization is unique once we choose
a complete system of irreducibles. We proceed to de8ne such a complete system of
irreducibles which are all in A[X ] and moreover satisfy a speci8c property with respect
to a 8nite set P of prime ideals (in the next section P is the set of all primes
of I).
Proposition 2.3. Let P be a 8nite set of prime ideals of A. There exists a complete
set  of irreducibles of K[X ] such that
(i) for each  ∈;  ∈A[X ];
(ii) for each  ∈ and each p∈P;  
∈ p[X ];
(iii) for each  ∈ and each nonzero non-unit a of A; a−1 
∈ A[X ].
Proof. Given a nonzero f∈K[X ]; it follows from the approximation theorem [7; Chap-
ter VII]; that there exists a nonzero constant "∈K∗ such that "f∈A[X ] and vp("f)=0;
for each prime p in P. That is; "f does not belong to p[X ] for each p∈P. Let E
be the family of all such polynomials associated to f. To each g∈E corresponds
its content ideal Ig which is an ideal of A. As A is Noetherian; one may choose g
such that Ig is maximal among these content ideals. Now; for each nonzero non-unit
a of A; a−1g 
∈ A[X ]. Otherwise a−1g would belong to E while its content ideal Ia−1g
strictly contains Ig. Given a complete system of irreducibles in K[X ]; we obtain a
complete system of irreducibles satisfying the three conditions of the proposition by
applying this procedure to each of its elements.
We shall pay special attention to those irreducible elements  with a principal content
ideal I :
Corollary 2.4. Let  be a complete set of irreducibles such as in Proposition 2.3. If
 ∈ is such that its content ideal I is principal then I = A.
Proof. Assume; by way of contradiction; that I = aA; where a is a nonzero non-unit
of A. Then a−1 would belong to A[X ]; providing a contradiction.
Decomposing a polynomial f along such a complete system  of irreducibles—
relative to a given (8nite) set P of primes—we shall write
f = "’1 : : : ’a 1 : : :  b;
where the content ideals of the ’i’s are not principal and the content ideals of the
 j’s are principal and thus equal to A (according to the previous corollary). Note that
there may be no ’i’s or no ’j’s but, if f is not a constant, there must be at least
one irreducible factor of either kind. Writing f as above, we say that we write the
factorization of f relative to .
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2.3. Irreducible and prime elements of R
In order to study the elasticity of the domain R=A+XI [X ], we investigate conditions
which force an element of A[X ] to belong to R. For sake of completeness, we 8rst
recall the following [12, Lemma 1.3]:
Lemma 2.5. Let D be an integral domain and q be a prime ideal of D. Let g and h
be two elements of D[X ] such that f = gh is in D + X q[X ].
• If f is not in q[X ] then g and h are in D+X q[X ]. Moreover; if f is an irreducible
element of D + X q[X ]; then f is irreducible in D[X ].
• If f is in q[X ] then g or h is in q[X ] (and thus a fortiori in D + X q[X ]).
The following proposition will also provide a useful tool in the next section. For
that matter, let us note that, if f∈K[X ] and if p is a prime ideal of A, then f∈Ap[X ]
if and only if vp(f)¿ 0.
Proposition 2.6. Let us consider two polynomials g∈A[X ] and h∈K[X ] such that
gh∈R. Assume further that each prime of I which contains Igh also contains Ig. Then
g∈R.
In particular, if "∈K∗ is such that "g∈R and if each prime of I which contains
I"g, also contains Ig, then g∈R.
Proof. Write I=a1 : : : an; a product of distinct prime ideals of A. Since A is a Dedekind
domain and since the ai’s are distinct; we have a1 : : : an = a1 ∩ · · · ∩ an. Thus it suNces
to show that; for each prime a among a1; : : : ; an; we have g in A+ X a[X ].
If g∈ a[X ], then we are done. Thus we can assume that g 
∈ a[X ], that is, Ig is
not contained in a. Then, the hypothesis implies that Igh is not contained in a, that
is, gh 
∈ a[X ]. So va(gh) = va(g) = 0, and it follows that va(h) = 0. Therefore the
polynomials g; h and gh belong to Aa[X ]. Thus gh is in Aa + X aAa[X ] but not in
aAa[X ]. Then it follows from the previous lemma that g and h are in Aa + X aAa[X ].
In particular, g∈A[X ] ∩ (Aa + X aAa[X ]) = A+ X a[X ].
We next give two results on the principal primes of A.
Lemma 2.7. Let q=A' be a principal prime ideal of A. If f is an irreducible element
of R; then vq(f)6 1.
Proof. Assume that vq(f)¿ 2. Then '2 appears in the factorization of If as a product
of prime ideals; that is '2 divides all the coeNcients of f and it follows that we can
write f = 'g with g a non-unit of R. We reach a contradiction with the irreducibility
of f.
Lemma 2.8. If q=A' is a principal prime ideal of A which is not a prime of I ; then
' is prime in R.
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Proof. Consider g; h∈R such that gh∈R'. Since ' is prime in A; then g or h belongs
to 'A[X ]; say g. Then g∈A' + X (I ∩ A')[X ]. But A' = q is not a prime of I so
I ∩ A'= I'; that is; g∈A'+ X'I [X ] = R'.
Let us note that the previous lemma fails if q = A' is a prime of I . For instance,
set f = '+ 'X . Then f2 ∈R' whereas f 
∈ R'.
We close this section with a lemma which stresses some properties of a complete
set of irreducibles such as in Proposition 2.3.
Lemma 2.9. Let  be an element of R which is irreducible in K[X ] and such that
I = A. Then  is prime in R.
Proof. Write gh∈R with g; h∈R. Since K[X ] is a UFD; the element  is prime in
K[X ]. So g or h is in K[X ] ; say g. That is g=( with (∈K[X ]. Then Ig= I(I = I(.
Thus (∈A[X ]. From Proposition 2.6; we obtain that (∈R and thus g∈R .
3. An upper bound for the elasticity of R
Recall that I is a proper ideal of the Dedekind domain A, which is a product of k
distinct prime ideals. We denote by P the set of primes of I .
In order to provide an upper bound of the elasticity of R, we shall de8ne a pseudo-
length function ). Before proceeding we recall the de8nition and a few facts [12].
Denition 3.1. Let D be an integral domain. A function ) : D∗ → Z¿0 is called a
pseudo-length function on D if
(i) )(xy) = )(x) + )(y) for all x; y∈D∗;
(ii) for each non-prime irreducible element x of D; )(x)¿ 0.
If one sets:
M∗ = sup{)(x) | x∈D is irreducible but not prime};
m∗ = inf{)(x) | x∈D is irreducible but not prime};
the elasticity of D is then such that (D)6M∗=m∗ (note that M∗ and m∗ are not
de8ned for a UFD; for which every irreducible is prime; but in this case one sets
M∗ = m∗ = 1; obtaining (D) = 1).
Here, we set )(f) = V (If) + -(f) where V is a function de8ned on the ideals of
A and - a function de8ned on R∗.
Let us 8rst de8ne V on the ideals of A: every ideal of A is a product of prime
ideals. We write
J = p1 : : : pnq1 : : : qmr1 : : : rp;
where
• the pi’s are in P,
• the qi’s are not in P and are principal prime ideals,
• the ri’s are not in P and are not principal.
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Then, we set
V (J ) = 2n+ p:
Let us then de8ne - on R∗: we consider a system  of irreducible elements in K[X ]
relative to P such as in Proposition 2.3. A nonzero element f∈R∗ can be written
f = "’1 : : : ’a 1 : : :  b;
where "∈K∗, and
• the ’i’s are in  and have a non-principal content ideal,
• the  j’s are in  and such that I j = A.
We then set -(f) to be the number of indices i such that ’i ∈R, that is
-(f) = ]{i; ’i ∈R}:
Finally we set
)(f) = V (If) + -(f):
Proposition 3.2. The function ) is a pseudo-length function on the atomic domain R.
Proof.
• First it is clear that )(f)∈Z¿0 for each nonzero element f of A[X ].
• Secondly; on the one hand; V (JJ ′) = V (J ) + V (J ′) for all ideals J; J ′ of A; and on
the other; -(fg) = -(f) + -(g) for any nonzero elements f; g in R (counting the
number of factors of a certain type in the factorization of f; g and fg relative to
). Hence; as Ifg = IfIg for every nonzero elements f; g in R; it follows that we
have
)(fg) = )(f) + )(g):
• Finally; it remains to show that )(f) 
=0 for each non-prime irreducible element f
of R. Supposing that f is irreducible and such that )(f)=0; we thus want to show
that f is actually a prime element of R. If )(f) = 0; then V (If) = 0 and -(f) = 0.
From Lemma 3.3 below; it follows that the factorization of f relative to  is
f = " 1 : : :  b:
Thus If = A"; and then "∈A. As f is irreducible in R; it follows that either f is a
prime constant of A; or f = v 1 with v a unit of A. In both cases; we conclude with
Lemmas 2.8 and 2.9 that f is prime in R.
Lemma 3.3. Let f∈R be a nonzero element whose factorization relative to  is
f = "’1 : : : ’a 1 : : :  b
and such that V (If)6 1. Then each ’i and each  j is in R. Thus; in particular;
-(f) = a.
Proof. Since V (If)6 1; it follows that lf is not contained in any prime p of I .
Consequently; it follows from Proposition 2.6 that the product ’1 : : : ’a 1 : : :  b is in
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the domain A+ X p[X ]. Moreover; it follows from the de8nition of the system  that
the product ’1 : : : ’a 1 : : :  b is not in p[X ]. We thus obtain from Lemma 2.5 that each
’i;  j is in A+ X p[X ]. Since this holds for each prime p among the primes of I ; we
obtain that each ’i;  j is in R.
Next, we investigate the two bounds m∗ and M∗. First, it follows from the next
lemma that m∗¿ 2.
Lemma 3.4. If f is a nonzero element of R; then )(f) 
=1.
Proof. Write
f = "’1 : : : ’a 1 : : :  b
and assume; by way of contradiction; that )(f) = 1. Then V (If)6 1 and it follows
from the previous lemma that each ’i and each  j is in R. In particular; -(f)=a and
a6 1. As )(f) = 1 then either V (If) = 1 and a= 0; or V (If) = 0 and a= 1.
In the 8rst case, as V (If) = 1; If is of the form
If = q1 : : : qmr;
where the qi’s are principal prime ideals, and r is a non-principal prime ideal (which is
not a prime of I). It follows that If is not principal. But, as a=-(f)=0; f=" 1 : : :  b,
hence
If = "I 1 : : : I b = A":
That is, the ideal If is principal and we reach a contradiction.
In the second case, as V (If) = 0; If is of the form
If = q1 : : : qm;
where the qi’s are principal prime ideals. It follows that If is principal. But, as a =
-(f) = 1, we have f = "’1 1 : : :  b, hence
If = "I’1 I 1 : : : I b = "I’1 :
Since the ideal I’1 is not principal, neither is the ideal If; we again reach a contradic-
tion.
Next, we compute an upper bound to M∗. We denote by G = C(A) the ideal class
group of A and by X the subset formed by the classes of the primes of I .
Lemma 3.5. For each irreducible element f in R; we have
)(f)6 2k + dX(G):
Proof. By way of contradiction; assume there exists an irreducible element f∈R such
that
)(f)¿ 2k + dX(G):
204 S. Pellerin, R. Robert / Journal of Pure and Applied Algebra 176 (2002) 195–212
As before; write
If = p1 : : : pnq1 : : : qmr1 : : : rp;
where
• the pi’s are in P;
• the qi’s are not in P and are principal prime ideals;
• the ri’s are not in P and are not principal.
Without loss of generality; write the factorization of f relative to  as follows:
f = "’1 : : : ’x’x+1 : : : ’a 1 : : :  b;
where
• the  j’s are in  and such that I j = A;
• the ’i’s are in  and have a non-principal content ideal; and moreover; ’i is in R
for i6 x; and ’i is not in R for x¡ i6 a.
From the de8nitions we thus have
-(f) = x; V (If) = 2n+ p and )(f) = 2n+ p+ x¿ 2k + dX(G):
Among the primes p1; : : : ; pn let us remove once; and only once each prime of I
occurring among them. Hence we remove at most k primes of that list. Renumbering
these primes; we are left with p1; : : : ; ps and s¿ n − k. Moreover; it follows directly
from Lemma 2.7 that all the primes of I which are principal are thus removed. Now
let us consider the sequence
 = (p1; : : : ; ps; r1; : : : ; rp;−I’1 ; : : : ;−I’x):
This is a sequence in G where 0 never occurs. By de8nition of the length of a sequence
with weight 2 in X; we have
lX()¿ 2s+ p+ x
(the equality does not hold necessarily since some classes ri or −I’j may be in X).
Thus we have
lX()¿ 2(n− k) + p+ x = )(f)− 2k ¿dX(G):
Hence it follows from the de8nition of the constant dX(G); that  is not a zero-free
sequence; we can extract from  a minimal zero-sequence ′. For convenience; let us
write this sequence as
′ = (a1; : : : ; ar ;−I’1 ; : : : ;−I’y)
(renumbering the ideals I’j and with a1; : : : ; ar among p1; : : : ; ps; r1; : : : ; rp). We thus
have r6 s+p and y6 x (it may be that r = 0; if ′ does not contain any ai ; or that
y = 0; if ′ does not contain any −I’j).
Since ′ is a zero-sequence, it sums to 0 in the class group, that is, there exists
1∈K∗ such that
a1 : : : arI−1’1 : : : I
−I
’y = A1:
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Now set
g= 1’1 : : : ’y:
We claim that g and h=fg−1 are both non-units in R. As f=gh and f was supposed
to be irreducible in R, we thus reach a contradiction.
• For g we have
Ig = I1’1 :::’y = a1 : : : arI
−1
’1 : : : I
−1
’y I’1 : : : I’y = a1 : : : ar :
• Thus Ig ⊆ A, whence g∈A[X ]. Moreover, as ’1; : : : ; ’y are in R, so is their product,
and hence, 1−1g=’1 : : : ’y is in R. For each i; ’i is in  thus, I’i is not contained
in any prime of I . The product I’1 : : : I’y is also not contained in any prime of I .
Hence we can conclude from Proposition 2.6 that g∈R. Finally, if g were a unit,
it would be a constant and thus there should be no ’j’s, that is, y = 0. But then,
the zero-sequence ′ would be the sequence ′ = (a1; : : : ; ar) and there should exist
some ai, that is, r 
=0. But then Ig= a1 : : : ar is properly contained in the ring A and
thus, in fact, g is not a unit.
• For h = fg−1 = f1−1’−11 : : : ’−1y , note 8rst that h is a polynomial since ’1 : : : ’y
are among the factors ’i;  j’s of f. Its content ideal is the ideal
Ih = IfI−1g = Ifa
−1
1 : : : a
−1
r :
We claim that Ih is contained in A and that each prime of I which contains If still
contains Ih. Indeed from the list p1; : : : ; pn of primes of I appearing (with possible
repetition) in the factorization of If we did remove one occurrence of each such prime
to form the sequence . As the (classes of the) ideals ai’s are taken from the sequence
′ which is a subsequence of , our claim follows. Hence h∈A[X ]. Moreover, as
gh=f∈R, it follows from Proposition 2.6 that h∈R. Finally, by way of contradiction,
let us suppose that h is a unit of R. As ) is a pseudo-length function, we have )(h)=0;
thus V (Ih) = -(h) = 0. As f = gh, we then have
-(g) = -(f) = x and V (Ig) = V (If) = 2n+ p:
On the one hand, recall that Ig=a1 : : : ar ; If=p1 : : : pnq1 : : : qmr1 : : : rp, and that a1; : : : ; ar
are taken from the list p1; : : : ; pn; r1; : : : ; rp. As V (Ig) = V (If) = 2n+p, all the primes
from that list must remain (in particular, no prime was removed to form the se-
quence , that is, no prime of I did occur in the factorization of If). On the other
hand, as -(g) = -(f) = x, we have x = y. But then we have ′ = , that is,  it-
self is a minimal zero-sequence. Moreover  is then necessarily the sequence  =
(p1; : : : ; pn; r1; : : : ; rp;−I’1 ; : : : ;−I’x) and thus
lX() = 2n+ p+ x = )(f)¿ 2k + dX(G)¿ 2 + dX(G)
(the last inequality since k¿ 1, as I is a proper ideal of A). If 2 is a subsequence of
 obtained by removing a single element from it, we then have
lX(2)¿ lX()− 2¿dX(G):
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Hence, from the de8nition of the constant dX(G), 2 is not a zero-free sequence. This
contradicts the fact that  is a minimal zero-sequence.
As (R)6M∗=m∗, we 8nally derive from Lemmas 3.4 and 3.5 the following upper
bound:
Proposition 3.6. Let A be a Dedekind domain; I an ideal of A which is a product of
k distinct prime ideals and R = A + XI [X ]; Denote by G the ideal class group of A
and by X the subset of G formed by the classes of the primes of I. The elasticity
(R) of R satis8es the inequality
(R)6 k +
dX(G)
2
:
Let us note that, if X does not contain any nonzero class, that is, if every prime of I
is principal, then, as noted above (after De8nition 2.1), dX(G) = d(G).
We thus derive from the previous proposition that, in this case, we have the upper
bound
(R)6 k +
d(G)
2
:
4. A lower bound for the elasticity of R
Lemma 4.1. Let J be a nonzero fractional ideal of A. There exists an element  =
b+ cX in  such that  ∈R and I’ = MJ .
Proof. As A is a Dedekind domain; we can assume that J is generated by two elements;
that is; J = A1 + A4. Moreover; we can choose 4 in IJ . For each prime p of I ; we
thus have vp(4)¿vp(J ) and hence; vp(1) = vp(J ). Then vp(4)¿vp(1). There exists
"∈K∗ such that the polynomial  = "1 + "4X is in . In particular;  ∈A[X ]; thus
for each prime p of I; vp("1)¿ 0. Hence vp("4)¿ 0. Since this holds for each prime
p of I ; it follows that "4∈ I ; that is;  ∈R.
Now, we shall provide two types of irreducible elements of R which will allow us
to give lower bounds.
Lemma 4.2. Let  be a zero-free sequence of G. Write
 = (p1; : : : ; pn; a1; : : : ; ar);
where the pi’s are some (non-principal) prime ideals and the aj’s are other ideals.
Then there exist some elements f1; : : : ; fr which are in both  and R and which
further satisfy Ifj =−aj for each 16 j6 r; and there exists g in K[X ] such that the
element
h= gf1 : : : fr
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is irreducible in R and satis8es
Ih = Ip1 : : : pn:
Proof. The previous lemma provides f1; : : : ; fr in both  and R with Ifj = −aj for
each 16 j6 r. The fractional ideal
Ip1 : : : pnI−1f1 : : : I
−1
fr
can be generated by two elements b; c of K . Moreover we can choose b such that
vp(b)¿ vp(c) for each prime p of I . We set g= b+ cX ; thus
Ig = Ip1 : : : pnI−1f1 : : : I
−1
fr :
Then; letting h= gf1 : : : fr; we have
Ih = IgIf1 : : : Ifr = Ip1 : : : pn ⊆ I:
Therefore h∈ I [X ]; thus h∈R.
It remains to show that h is irreducible in R. So, write h = h1h2 with h1; h2 in R.
Since g and the fi’s are irreducible in K[X ], which is a UFD, we can assume that
h1 = "gf1 : : : fs
with "∈K∗ and 06 s6 r. We end the proof by showing that h2 is a unit.
Let p be a prime of I . We have h1 ∈R, hence h1 ∈Ap + pAp[X ]. Moreover, for
each i6 s; fi ∈; thus that fi 
∈ p[X ], that is, vp(fi) = 0. Whence vp(h1) = vp("g).
Thus "g and f1 : : : fs are both in Ap[X ] and f1 : : : fs is not in pAp[X ]. It then follows
from Lemma 2.5 that "g= "b+ "cX is in Ap+ pAp[X ]. Since vp(b)¿ vp(c), we have
actually "g∈ pAp[X ]. In particular, we obtain that Ih1 ⊆ I . Thus, as Ih ⊆ Ih1 ⊆ A, we
can write (renumbering the ideals pi’s):
Ih1 = Ip1 : : : pm
with m6 n. As h1 = "gf1 : : : fs and as Ig = Ip1 : : : pnI−1f1 : : : I
−1
fr , it follows that:
A"−1 = I−1h1 IgIf1 : : : Ifs = pm+1 : : : pnI
−1
fs+1 : : : I
−1
fr :
That is, the sequence
2= (pm+1; : : : ; pn; as+1; : : : ; ar)
sums to 0 in the class group. Since 2 is a subsequence of the zero-free sequence , it
follows that 2 is empty, that is, r = s and m = n. As r = s, h2 is a constant, and as
m= n, Ih = Ih1 . Whence Ih2 = A. Therefore h2 is a unit of R.
Using the previous lemma (in a special case), we give a 8rst lower bound.
Proposition 4.3. We have (R)¿ (d(G)+ 1)=2. In particular; if G is in8nite; then so
is (R).
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Proof. Let  be a zero-free sequence of G with length r¿ 1. Write
 = (a1; : : : ; ar);
where the ai’s are some (non-principal) ideals of A. Note that the sequence
ˆ = (−a1; : : : ;−ar)
is then also zero-free. From Lemma 4.2; there are two irreducible elements h; hˆ∈R
with
Ih = Ihˆ = I
and which factor in K[X ] as follows:
h= gf1 : : : fr and hˆ= gˆf̂1 : : : f̂r ;
where g; gˆ are in K[X ] and where the fi; f̂j’s are in both R and ; and such that; for
each j; Ifj =−aj and If̂j = aj. The element
F = hhˆ
thus factors in R as a product of two irreducible elements. Our next step is to write
another factorization of F . Firstly; for every j; since Ifj = −aj and If̂j = aj; there
exists cj ∈A which generates the principal ideal Ifj If̂j . So 1cj fjf̂j ∈A[X ]. Moreover
fjf̂j = cj((1=cj)fjf̂j)∈R and no prime of I contains Ifj or If̂j . Hence; if we set
Fj = (1=cj)fjf̂j; it follows from Proposition 2.6; that Fj ∈R. Write
F = (gf1 : : : frgˆ)(gˆf̂1 : : : f̂r) = (c1 : : : crggˆ)
(
1
c1
f1f̂1
)
: : :
(
1
cr
frf̂r
)
and set
6 = c1 : : : crggˆ:
We obtain
F =6F1 : : : Fr:
In this factorization of F; all the factors are in R; except maybe 6; but we claim that
6 is also in R. Indeed; we have
Ig = II−1f1 : : : I
−1
fr and Igˆ = II
−1
f̂1
: : : I−1
f̂r
:
Thus
I6 = c1 : : : crIgIgˆ =
r∏
j=1
(Ifj If̂j)IgIgˆ = I
2 ⊆ I:
In particular; 6∈ I [X ] ⊂ R. Hence; F factors also in R as a product of at least
r + 1 irreducible elements. Therefore we have (R)¿ (r + 1)=2. If G is 8nite; then
we can choose  to be a zero-free sequence with maximal length. We thus obtain
(R)¿ (d(G) + 1)=2. If G is in8nite; then r can be larger than any integer; thus (R)
is in8nite.
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When the group G is 8nite, the class of every ideal is of 8nite order in G. For a
non-principal prime of I the class of which is of 8nite order, we obtain more irreducible
elements of R, leading to another lower bound:
Lemma 4.4. Let p be a non-principal prime of I such that Mp is of 8nite order 7 in
G. Choose a; b generating p such that b∈ I and vp(b) = 1; choose 8 irreducible in A
with vp(8) = 1; and choose 9 in A such that A9 = p7. Then; for each integer q¿ 1;
the polynomial
’=
8
9q
(a+ bX )7q
is irreducible in R.
Proof. First; we note that we have
I’ =
8
9q
(Ia+bX )7q =
8
9q
p7q = A8:
Thus ’∈A[X ]. It is easy to see; as p = Aa + Ab; that p is the sole prime ideal of
A such that (a + bX )7q ∈ p[X ]. As vp(8) = 1; p also contains I’. From the equality
(a + bX )7q = (9q=8)’ and from Proposition 2.6; it follows that ’∈R. Moreover; ’ is
a non-unit of R since q¿ 1.
Suppose that ’ = ’1’2 with ’1; ’2 in R. We have vp(’) = vp(8) = 1. It follows
that either ’1 or ’2 is in p[X ] and the other is not, say ’1 
∈ p[X ] and ’2 ∈ p[X ].
Since a + bX is irreducible in K[X ]; ’1 = c(a + bX )k with c∈K and k6 q7. Since
’1 
∈ p[X ], we have vp(’1)=0. Moreover vp(a+bX )=vp(p)=1, therefore vp(c)=−k.
The leading coeNcient of ’1 is cbk , but vp(cbk)= vp(c)+ kvp(b)=0. Hence, if k¿ 1,
the leading coeNcient of ’1 is not in p. As p is a prime of I and as ’1 ∈R, it follows
that ’1 = c is a constant and that c∈A. Thus
A8= I’ = I’1 I’2 = cI’2 :
As ’2 ∈ p[X ], c strictly divides 8 in A, and as 8 is irreducible, ’1 is a unit of R.
Proposition 4.5. If G is 8nite; then
(R)¿ k +
X(G)
2
:
Proof. The proof is similar to that of Proposition 4.3 but here we emphasize the role
of the subset X of the class group G formed by the classes of the primes of I . We
consider a zero-free sequence  of G. We write
 = (p1; : : : ; pn; a1; : : : ; ar);
where p1; : : : ; pn are (non-principal) primes of I (not necessarily distinct) and a1; : : : ; ar
are other (non-principal) ideals of A; the classes of which are not in X. We thus have
lX() = 2n+ r. Moreover we assume that the sequence
ˆ = (p1; : : : ; pn;−a1; : : : ;−ar)
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is also a zero-free sequence. Recall that the twisted Davenport constant X(G) is the
supremum sup {lX()} taken among such sequences. From Lemma 4.2; there are two
irreducible elements h; hˆ∈R with
Ih = Ihˆ = Ip1 : : : pn
and which factor in K[X ] as follows:
h= gf1 : : : fr and hˆ= gˆf̂1 : : : f̂r ;
where g; gˆ are in K[X ] and where the fi; f̂j’s are both in R and ; and such that; for
each j; Ifj =−aj and If̂j = aj.
On the other hand write I = '1 : : : 'mpn+1 : : : ps where '1; : : : ; 'm are prime elements
of A and pn+1; : : : ; ps are the non-principal primes of I (which, by hypothesis are
distinct). Note that k, the number of primes of I , is such that k=m+(s−n). Together
with p1; : : : ; pn, we have a list p1; : : : ; ps of s non-principal primes of I (possibly with
repetitions). The class of each such prime is of 8nite order in G, say 7i. For each
integer qi, it follows from Lemma 4.4 that we have an irreducible polynomial of the
form
’i =
8i
9qii
(ai + biX )7iqi ;
where 8i; ai, and bi are in pi, thus in particular ai + biX is in R, and 9i is in A and
such that A9i = p
7i
i . Let N be an integer and set
F = (hhˆ)N’1 : : : ’s:
Then F factors in R as a product of 2N + s irreducible elements. Our next step is to
write another factorization of F . As in the proof of Proposition 4.3, we 8rst note that,
for every j, there exists cj which generates the ideal Ifj If̂j , and then Fj=(1=cj)fjf̂j ∈R.
We can thus write
F = FN1 : : : F
N
r (c1 : : : crggˆ)
N’1 : : : ’s:
As
Ig = Ip1 : : : pnI−1f1 : : : I
−1
fr and Igˆ = Ip1 : : : pnI
−1
f̂1
: : : I−1
f̂r
;
we have
c1 : : : crIgIgˆ =
r∏
j=1
(Ifj If̂j)IgIgˆ = (Ip1 : : : pn)
2:
Hence
(c1 : : : crIgIgˆ)N = ('1 : : : 'mp1 : : : ps)2N :
Choose N such that 2N − 1 is a common multiple of each order 7i and choose the
integers qi (16 i6 s) such that 7iqi = 2N − 1. Set
6 = (c1 : : : crggˆ)N
(
m∏
i=1
1
'i
)2N−1 s∏
i=1
1
9qii
:
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We then have
I6 = '1 : : : 'mp1 : : : ps = Ip1 : : : pn:
In particular, 6∈ I [X ] ⊂ R. Hence we can factor F in R as
F = FN1 : : : F
N
r 6
m∏
i=1
'2N−1i
s∏
i=1
8i
s∏
i=1
(ai + biX )2N−1:
In this product, there are rN + 1 + (2N − 1)(m+ s) + s factors. Thus
(R)¿
rN + (2N − 1)(m+ s) + 1 + s
2N + s
:
As k = m+ s− n, and as N can be taken arbitrarily large, we 8nally derive
(R)¿
r + 2n+ 2k
2
=
1
2
lX() + k:
5. Conclusion and comments
From Propositions 3.6, 4.3 and 4.5, we have:
Theorem 5.1. Let A be a Dedekind domain; I an ideal of A which is a product of k
distinct prime ideals and R=A+XI [X ]. Denote by G the ideal class group of A and
by X the subset of G formed by the classes of the primes of I. Then (R) is 8nite
if and only if the group G is 8nite and; in this case; we have
max
{
d(G) + 1
2
; k +
X(G)
2
}
6 (R)6 k +
dX(G)
2
:
Now, consider the case where every prime ideal of I is principal, that is, X does not
contain any non-zero element. We have already noticed that dX(G) = X(G) = d(G)
in this case. We thus derive the following:
Corollary 5.2. Let A be a Dedekind domain with 8nite class group G and I be a
product of k distinct principal primes. Then
(R) = k +
d(G)
2
:
Note that the previous corollary recovers the case where A is a PID [12, Theorem 3.6].
Of course, if X(G)=dX(G), we obtain the exact value of the elasticity. For instance,
if G is cyclic, generated by an element x of X, then the sequence  de8ned by
|G| − 1 copies of x is a zero-free sequence of G such that ˆ = . Moreover, since
G is cyclic, its Davenport constant is exactly |G|. Therefore in this case, we have
X(G) = dX(G) = 2(|G| − 1).
In fact, we have not been able to 8nd an example of a group G and a subset X
such that X(G) 
=dX(G). Nevertheless, we tend to believe that these two constants are
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not always the same. Thus it leads to the following problem: are the obtained bounds
optima? It thus would be nice to 8nd examples of Dedekind domains A and ideals I
corresponding to each of the two bounds.
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